This paper deals with the fault detection problem for linear system with unknown inputs. The H , norm and H-index are employed to measure the robustness to unknown inputs and the fault sensitivity, respectively. Furthermore, by using the pole assignment approach, the fault detection problem is transformed to an unconstrained optimization problem. With the aid of the gradient-based optimization approach, an explicit formula for designing the desirable observer gain is derived. On the other hand, the fault sensitivity over a finite frequency range can also be solved by the proposed method, in which case no constraint is required on D being of full column rank for a system ( A , B, C, D) . Numerical simulation has demonstrated the effectiveness of the present methodology.
Introduction
The research and application of robust fault detection in automated processes has received considerable attention during last decades. One of the popular a p proaches is to maximize the sensitivity due to faults meanwhile minimizing the sensitivity due to unknown inputs. In this sense, Ding and Frank [Z] presented a performance index expressed as a ratio of sensitivities of the residuals due to the unknown inputs and the faults respectively. The design goal is to then construct an observer for fault detection with the performance index being minimized. This or similar idea is commonly used amongst a number of subsequent papers for model-based robust fault detection systems [4, 12, 141.
To solve this problem, some researchers use the H , optimization technique [3, lo]. However, the results are not ideal since it is only a best-case solution when H , norm is used to measure the fault sensitiv-* The work was supported i n part by DSO National inboratories iiiidar grant DSOCL-01144, and by HKU CRCG Grant
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0-7803-8335-4/04/$17.00 02004 AACC ity. Therefore, a different norm/index is needed to measure the fault sensitivity instead.
Similar to the H, norm optimization technique, the H-method has also gained much attention recently, which aims to study the worst-case fault sensitivity performance of a fault detection observer. An H-" n o m " was defined in [4, 91 as the minimum nonzero singular value of the transfer function matrix from the fault to the residual output a t the specific frequency of w = 0. In [l, 111, this definition was further extended from the single frequency w = 0 to a nunber of finite frequency ranges. It should be pointed out that these sensitivity measures are not truly worst-case measures due to the exclusion of possible zero singular values of the transfer function matrix. A truly worstcase fault sensitivity measure, H-indm, was proposed in [6, 71 to include the possible zero singular values of the transfer function matrix. Specifically, the H-index was defined as the minimum singular value of the transfer function matrix over a given frequency range. Note that the constraint of "non-zero singular value" is absent here, which (together with the absence of the triangle inequality Ila + b/l-5 ~~a~~~+~~b~/~) makes the H-index no longer a norm (hence the term index).
The frequency range can be either infmite (i.e. the entire frequency spectrum) or finite frequency intervals. Moreover, necessary and sufficient conditions in terms of LMls have been obtained for the proposed H_ index (7, 131. However, only iterative LMI approach can be used to solve fault detection problem when robustness is also concerned. In this case, the solution may not be ideal since the advantage of the LMI approach is not fully utilized.
Following the above idea, a method for designing a fault detection observer is proposed in this paper. It is formulated as an optimization problem where H , norm is used to describe robustness and H-index to measure the fault sensitivity. Moreover, the observer poles are given as constraints. A gradient-based optimization approach is facilitated by using the explicit gradient expressions derived. Moreover, we also con- 
Problem Formulation
Consider the following linear timeinvariant system
where z ( t ) E W" is the state vector, w ( t ) E Rm is the unknown input vector including modelling error, mcertain disturbance, process and measurement noises, where Ar. = A -LC and L is the observer gain matrix to be designed for achieving design requirements. Define the error state
then it follows from (1) and (2) that The residual vector r ( t ) is defined as
The disturbance transfer function H,,(s) from w(t) to r(t) and the fault transfer function H ? f ( s ) from f(t) to r(t) are obtained, respectively, as
For effective fault detection, the effect on the residual r(t) due to unknown inputs w(t) should he small while that due to faults f ( t ) should be large. Obviously, the H , optimization techniques can be used to handle this disturbance attenuation problem. In the following, we introduce a notion to measure the effect due to faults. be made large to enhance the sensitivity due to faults. In general, there is a trade-off between these two sensitivities.
In summary, based on the above motivations, we study the design problem of a fault detection observer for system (1) as follows:
FDODP (Fault Detection Observer Design Problem): For system (1) with the observer (2) and a spectrum of 10, (;), 0 < (; < CO, determine an observer gain matrix L such that
The error system (3) is asymptotically stable.
The fault detection 'noise-signal' ratio is minimized.
In the following, we use the pole assignment a p proach to transform problem F D O D P to a minimization problem.
For the observer system matrix AI,, the observer gain L can be chosen such that all eigenvalues are in the left half s-plane and distinct and spec(AI,) n spec(A) = II. The reason that the eigenvalues are chosen t o be distinct is due to an eigenvalue sensitivity consideration (less susceptible to perturbation). This is always possible since (C,A) is observable. Then there exists a real invertible V such that
where A is a real pseudo-diagonal matrix with spec(AL) = 
is non-unique. By writing (7) as 9) omitted, inf
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Gradient-based Optimization: Infinite Frequency Case
In this section, the problem FDODP will be considered over the full frequency spectrum, i.e. W = w. 
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Solve minimization problem (10) based on the objective function (11) and its gradient function (12) .
53 Let MO,, be the optimal solution obtained in 52.
Solve equation (S), the required observer gain is given by L,,t = V-'M,,t.
Finite Frequency Case
In the previous sections, IIH,.,(s)11 [O" ] is considered over the full frequency spectrum, i.e. D = w. However, in real applications, it would be preferred to consider the fault sensitivity within the lower frequency range including DC (w = 0), i.e. D is a finite number.
Moreover, llHr,(s)l\b+ml is always zero when D f is not of full column rank. In this case, the result proposed in previous section is no longer applicable. Unfortunately, such full column rank constraint on Df is often not satisfied in practice. Therefore, it is necessary to consider the case of IIHi~(s)ll ["'"] over a finite frequency range in which case the constraint on Df can be avoided. In this section, the problem is considered over a finite frequency spectrum, i.e. D is a finite number and hereby DJ is.not assumed to be of full column rank. Ap, B,, C, , D7) .
Correspondingly, a similar proposition is given as follows without proof.
Proposition 2 Suppose the maximum singular value ofG(jwI-A,)-'(B,-LD,)+D, and the minimum singular value o f W ( j w ) + C ( j w I -A~) -' ( B f -L D f ) + DJ are distinct, where W(s) w a given weighting t m wferfunction such that IlW
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Numerical Simulation
Consider the linearized longitudinal dynamics of a VTOL aircraft as proposed by Tripathi [8] . The continuoustime state-space description is
where the states z(t) are the horizontal velocity (knot), vertical velocity (knot), pitch rate (degree/s) and pitch angle (degree), respectively, and the actuator inputs u(t) are the collective pitch control and the longitudinal pitch control respectively. In [ 8 ] , the system parameters are given as follows: Figure 1 shows the evolution of the residual r ( t ) responses due to observer gain LOpt and Lpmc. respectively. In the case of L = L,t, despite the influence of unknown input w(t), a threshold at k0.3 can easily be imposed on the residual signals to indicate the occurrence of fault at the time t = 6.1s. On the other hand, no reasonable threshold can be imposed to distinguish the influence between faults and unknown input in the case of L = Lpioce.
In other words, the robust fault detection sensitivity in the case L = &lace is comparatively smaller than in the case L = L,t.
Conclusion
In this paper, we deal with a worst-case fault detection observer design problem. It is formulated as an optimization problem with the observer poles as constraints where H, norm is used t o describe robustness t o unknown inputs and H-i n d a is used to measure the fault sensitivity. The gradient-based optimization approach is facilitated by the explicit gradient expressions derived. Moreover, we also consider the fault sensitivity over finite frequency range in which case the condition on the rank of D is no longer required for a system ( A , B , C, D) . Numerical simulation performed on the fault detection observer design of a VTOL aircraft is given to demonstrate the effectiveness of the present methodology.
